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(i) Answer all questions. (ii) You may freely apply any of the theorems discussed in class.

(1) (10 marks) Let f : [0,00) — [0,00) be a function. Suppose [/ f converges and
lim, .. f(z) exists. Prove that

lim f(z) = 0.

T—00

(2) (20 marks) Prove that if f is a monotone function on [a,b], then f is Riemann-
integrable on [a, b].

(3) (20 marks) Consider the greatest integer function f : [0,2] — R. Prove that f is
Riemann integrable on [0, 2], and compute f02 f.

(4) (20 marks) Let f and g be continuous and real-valued functions defined on [a, b] and
suppose fabf = fabg Prove that there exists ¢ € [a, b] such that f(c) = g(c).

(5) (20 marks) Consider the function f : [0,00) — R defined by

fa) 1 ifzenn+ 5;) for somen € N
xT) =
0 otherwise.
Assume that f|j,) : [0,r] = R is Riemann integrable for all » > 0. (i) Prove that
Jo° f converges. (ii) Compute the value of [ f. (iii) Prove that lim f(z) does not
T—>00
exist.
(6) (20 marks) Let f and g be continuous functions defined on [0,1]. Assume that f is
monotonically increasing and g is monotonically decreasing. Prove that

[ o< ([ ([ )



